Available online at www.sciencedirect.com

. JOURNAL OF
scnsucs@nmscr SOUND AND
v =3 VIBRATION
LSEVIER Journal of Sound and Vibration 278 (2004) 1013-1023

www.elsevier.com/locate/jsvi

Dynamic analysis of system with deterministic and stochastic
viscoelastic dampers

Z.. Hryniewicz*
Department of Civil Engineering, Technical University of Koszalin, Raclawicka 15-17, PL 75-620 Koszalin, Poland
Received 29 July 2003; accepted 22 October 2003

Abstract

An analytical method for dynamic analysis of systems with viscoelastic dampers has been developed.
Some aspects concerning the critical damping of structure with elastically supported viscoelastic damper are
discussed. The considered system is governed by the third order differential equation. The one-sided
Green’s function for deterministic and stochastic cases is derived in closed analytical form. The free
vibration and the forced vibration due to half sine impulse loading have been considered. The analytical
solution is derived using Green’s function and the Laplace transform method. The numerical results are
obtained on the basis of MATHEMATICA system.
© 2003 Elsevier Ltd. All rights reserved.

1. Introduction

Vibrations of the structures play an increasing role in engineering planning due to the heavier
dynamic loads and due to increased environmental consciousness of people. For the analysis of
structure vibrations it is necessary to know which elements exist in the area of interest [1].
Viscoelastic dampers can effectively reduce response of the structure to dynamic loads. Using a
mathematical model of the structure with dampers one can analyze the damping effects of the
system. In the case that the effect of the damper support stiffness is not negligible, one obtains the
initial value problem for the third order ordinary differential equation (TODE). The purpose of
this paper is to derive and analyse the critical damping coefficients of the TODE. Next, the paper
deals with the case, that the damping coefficient is a random function of time variable. The
properties of the system are governed by the Green’s function. The paper discloses the influence of
the randomness of the damping coefficient on the shape of the one-sided Green’s function. The
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solution for the deterministic model with time harmonic, Heaviside and other forms of excitation
function, that cannot be produced in a real situation, can be found in the existing literature. The
response of the considered system due to more realistic excitation, i.e., short duration half sine
impulse loading is considered in this paper.

2. Problem formulation

Let the structural system be simplified as a mass m with the stiffness k¢, the stiffness and
damping coefficient of the viscoelastic dampers k; and ¢y, respectively, and the stiffness of the
member supporting the viscoelastic damper k;, (Fig. 1). The equation of motion for the structure
excited by an external force, f(¢), can be derived from the following equations [2]:

mx + kyx + P(t) = (1), (1)
P(t) = kpz, ()
P(t) = ka(x — 2) + ca(x — 2), (3)

where x and z denote the displacements, P(¢) denotes the internal force. The over dot indicates the
differentiation with respect to time.

In engineering applications one has to take into account the significant uncertainty with respect
to the damping coefficient ¢;. In the stochastic approach the random damping coefficient is
incorporated into the analysis as a random function of time

Cd = ch(1 + 8([> y))a (4)

where &(z,7) is the zero mean value dimensionless random function ({&(z,7)> = 0) and 7y is the
elementary event in a complete probability space [3]. The brackets < - > in this paper denote an
ensemble average and for the sake of conciseness the probability variable y will be dropped. If the
size of randomness is relatively minor, the perturbation theory (small parameter approach) can be
an adequate procedure. According to Adomian’s remarks [4], in Section 4.2 no assumption
concerning the size of the randomness is necessary. If randomness is small, the Adomian’s
decomposition method leads to perturbation results. The wide class of the random function &(¢)
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Fig. 1. Model of the analysed dynamic system.
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can be described, in the correlation theory, by the correlation function

r(n)(zmz— 'k
— )k (n—k)’

K(t,1) = syexp(—flt — 1 |)Z (%)

where s, is the standard deviation and f§ controls the correlation length. For n = 1 one obtains the
exponential correlation function, which is commonly used in stochastic dynamics.
Eliminating P(z) and z(¢) in Egs. (1)—~(3), leads to the equation of motion of the system as
kp+ka,, (kp+kp), (keky + kpkg + kaky
LK dx+(b f)x+(fb vka df)x:F(t), ©)
Cdo m mcqo

where

(b+ kaq)

F(t): 1 (kb;;kf)

R +f<r)} ( 1f> £(0). )

3. Free vibrations: deterministic approach

In the deterministic case (¢(¢) = 0) the equation of motion for free vibrations (f(z) = 0) is
given by

. A B C
X+—x%+—x+—x=0. (8)
Cd m mcg

The characteristic equation associated with Eq. (8) can be written as

A +£A +mi+m£6d—0 9)
where
A=ky+kqy, B=ky+kr, C=kpkq+kaks+ krkp. (10)
Eq. (9) leads to discriminant of the form
A=q —p’ (11)
where
A\* 3B A\’ 94B 2
r=(@) =) e ®
The damping coefficients satisfying equation
A=0 (13)
are the critical damping coefficients. Substituting Eqgs. (12) into Eq. (13) leads to
4B — m(A*B* + 184BC — 27C*)c; + 4m* A°C = 0. (14)

The conditions for existence and nonnegativity of the roots ¢; of Eq. (14) are
(A>B*> 4+ 184BC — C*)? — 644°B>C >0, (15)
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A’B* + 184BC — 27C*>0. (16)
Conditions (15) and (16) can be written as
(AB — 9C)*(4B — C) >0, (17)
AB(AB —9C) +27C(AB — C)=0 (18)
Hence, the domain where conditions (17) and (18) are fulfilled is
AB—9C>0 (19)
which becomes
ki — 8(kpkq + kaks + krky)=0. (20)

If condition (20) is satisfied, the critical damping coefficients ¢;; > 0 and ¢z > 0 exist and those
values can be obtained from Eq. (14).

To find the solution of Eq. (8), as a first step, one has to check if inequality (20) is fulfilled. The
next step is to solve Eq. (14) and find the critical damping coefficients ¢;; and c¢;. The general
solution of Eq. (8) can be written as

x = C1o(t) + Cr05(1) + C305(2), (21)

where ¢,(¢) are the fundamental solutions of Eq. (8) and C; are arbitrary constants.
Depending on the values of parameters m, ky, k; and kg, there are three cases where c¢; can be
situated:

Case 1: 0<cy<cy.
Case 2: cq1 <cg<cg.
Case 3: cp<cy.

Assume here the following temporary initial conditions:
x(0)=Y;, x(0)= Y, x0)=Ys. (22)
For cases 1 and 3 the characteristic equation (9) has one real root and two complex roots:
A1 =1<0, Jy3=a7Fbi, (23)
where a<0, b<0. The general solution of Eq. (8) in these cases is
x = Cie" + (Cy cos bt + Cs sin br)e™ (24)
and taking into account the initial conditions (22), one obtains
(@ + DY —2aY, + s C__mmwn—mn+n
(a—1) + D (@a—1)7+ b
l@* b —a) Y1 +(b* -+ P) Y, +(a—1)Y;
N ((a— 1Y + b2)b '
For case 2, the characteristic equation (9) leads to three real roots:

)»1 = l] <0, ),2 = 12<0, /13 = 13 <0. (26)

Ci

2 b

G (25)
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The general solution of Eq. (7) in this case can be expressed as

X = Clel" + Czelzl + C3€l$[ (27)

and taking into account the initial conditions (22) one obtains
_bBY = (L+5)Y,+ 15 CLWBY = (h+ )Y+ 1

C s == )
: (5 =)L —1) ? (b =I5 —Db)
hbhYi— (i +h)Y,+ Y3
Gy = . 28
(A AT (28)
The initial conditions
Yi=Y,=0, Y;—1 (29)

lead to one-sided Green’s function x(¢#) = G(#), which describes the properties of system (8). For
cases 1 and 3 one obtains

a—1
— e cos bt +

_; It
G(t) = PR <e 5

e’ sin bl) (30)

and for case 2:

1 Lt 1 bt 1 el;t (31)

O=G=G—n" G-t-B° TGE-hG-h

The formulation here is aimed at constructing the general solution when the initial conditions
Y1, Y», Y3 are viewed as integration constants.

4. Stochastic damping coefficient

In case the damping coefficient is a random function, the stochastic equation of motion of
the form

.o A B C .. B
X+—i+—x+ x:—<x+—x>s(t) (32)
€do m mcqo m

is considered. Eq. (32) can be written in the integral-differential form [4]
! B .
x(1) = Ciy(1) + Crx(1) + C3p3(1) — / G(1—1) {X(T) + EX(T)] &(r) dr, (33)
0

where G(¢t — 1), ¢,(t) and C;, (i=1,2,3), are given in Egs. (24), (30) and (27), (31), respectively,
depending on cases 1,2 or 3. Taking into account Eq. (33) and the conditions (29), one obtains

x=G() — /0[ G(t—1) <"X(r) + %x(r)) &(7) dr. (34)
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In further considerations the following expressions will be used:

x=G(t) — /t G(t—1) (x(r) + gx@:)) ¢(t) dr, (35)
0
X = G(t) — <5é(l) + 256({)) e(t) — /t G(t — 1) (56'(‘5) + gx(ﬂ) e(r) dr. (36)
0

4.1. First order smoothing approximation

Combining Egs. (32)—(36), averaging and using the first order smoothing approximation [3]
{x(Oe(n)e(n) ) = {x(0) ) K(t — 1), (37)
yields

-y + 0w + 20— 2y + (o
Cdo m mcqo
:/ <G(tr)+BG(t r)) (( x(7)) +B<x(r)>>K(t 7)dt (38)
0 m m
where the relations

K(t—1) = {e(t)e(n)y, K(0)= sf,. (39)

are assumed.
To find the solution of Eq. (38) with the initial conditions (29), the Laplace transform can be
applied. Denoting the function in the transform domain by tilde and defining transform as

LD} = 5() = /0 e (x(0) di, (40)

one obtains the solution of Eq. (38). The solution in the transform domain admits the following
form
1—s2—y
%) = e , @
(1 =57 = y@IP* +—p> +— (1 =57 = Y(P)p +——
Cdo m mecqo

where
W(p) = L{ (G(t) + ZG(:)) K(t)}. (42)

Applying the inverse Laplace transform to Eq. (41) and taking into account the initial conditions
(29) results in the approximate average solution

x(0)) = Gsp(1), (43)

where G,p(f) = L~'{X(p)} can be treated as the approximate Green’s function for the stochastic
equation (32).
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The explicit analytical expression for Eq. (41) can be obtained using the MATHEMATICA
system for symbolic computations. To calculate the explicit inverse Laplace transform (43), the
values of parameters should be introduced.

4.2. Adomian’s decomposition

According to Adomian’s decomposition procedure [4], the solution of Eq. (34), with the initial
conditions (29), is sought in the form

x = xo(t) + x1(0) + x2(0) + -+, (44)

where xo(f) = G(¢) is the deterministic function, while x,(7),(n = 1,2, ...), are random functions.
Substituting Eq. (44) into Eq. (34) and equating terms of the same order yields

x1(0) = —/0 G(l—l1)<5€'o(11)+£Xo(h)>8(l1)dh, (45a)

! B .
x,(1) = —/ G(t — Z1)(36;1—101) +Exn—1(ll))8([1) dr;, (n=2,3,...). (45b)
0
Each successive x,(7) depends on the preceding one. Eqs. (45) lead to

50 =~ [ 6 o3G0+ 7 Gt Yot e (@61)

F(1) = (G(zl) +2 G(t1)> 1) — /0 G - zz)(é(zz) +2 G‘(a)) )i (46b)

1
Hence, one can obtain an explicit representation of the term x,(¢) in the form of multiple integrals.
Substituting Eqgs. (46) into (45b) (for n = 2), and averaging yields
t B .
o)y =33 [ G- (G(zl) += G(t1)> d
0

t 3] B X B X
+ [ [ ea-n <G(t1 1)+ G z2)> <G(lz) +2 G(n)) K(t — £)di> du.
0 0 m m
(47)
Combining Egs. (44), (46a) and (47) leads to the approximate average solution
{x(0) ) = Guu(1), (43)

where G4 = G(f) + {x»2(?)>. Expression (48) can be treated as the approximate Green’s function
for the stochastic equation (32).

A similar procedure as for the average solution can be used to obtain the second order
approximation of the variance function Vy(¢) = {x}(1)) + {x3(0)) — {x2(f))>2. To ascertain
validity of the second order approximate solution, one can resort to Monte Carlo simulation.
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5. Forced vibrations

The solution of the deterministic nonhomogeneous equation of motion (&(f) =0, hence
do = Ca)

s+ dei Bl € oo, (49)
Cdq m mcy
where
114 .
filn =~ L—f(t) +f(t)] (50)
d

with the initial conditions (22) can be represented as
t
X = Cp\(0)+ Copa(0) + Cops( + [ Gle— o) d. (s1)
0

where ¢,(1) and C; are given in Eqs. (24), (25) and (27), (28), respectively, depending on cases 1, 2
or 3.

A variety of viscous dampers, forming parts of a structural system, have been developed to
reduce building responses to dynamic loads such as earthquakes.

Consider the dynamic response of the system exposed to impulse loading of the form

. T
posin—t, 0<i<n,
0

J@) = (52)
0, 1> t.
Substituting Eq. (52) in Eq. (50) leads to
A
Si() :@(1 — H(z — 1)) (— sinn—t—i—Ecos n_t)) (53)
m Ca I Iy fo

where H(z — #y) is the Heaviside function.
Once specific values of 4, B, C,m, cq4, po, ty and the initial conditions Y, Y3, Y3 are given, the
solution for the displacement (Eq. (51)), can be found as

x = Xip(t) + x7,(2). (54)

The first term on the right hand side of Eq. (54), x;,(¢), represents the response of the system to the
initial conditions. The remaining term, xy(?), is the response of the system due to the forcing
function. If the initial conditions Yi, Y>, Y3 are viewed as arbitrary constants, the term x;,(7)
comprise the general solution of the homogeneous equation corresponding to Eq. (49). For the
initial conditions x(0) = 0 and %(0) = 0, Eqgs. (49) and (53) lead to:

for cases 1 and 3 one obtains

1 1
. _ —2aY- It _at S22 2 Y-e si
Xin(1) 7((1 e bz[ aY(e" — e cos bt) + 5 (b* —a” + ") Y,e" sin bl} (55)
Po ! A .t w T
Xp(t) =—- / G(t — 1)(1 — H(tr — ty))| —sin— + —cos— | dr, (56)
m Jy c4 1o to to

where G(¢ — 7) is given in Eq. (30);
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for case 2

(b+h5)Y, o (h+h)Y, eht _ (h+ b)Y, oy
(b =I5 —1) (i = b)(h — 1) (i = b)(5— 1)
and the second term, xy,(f), assumes the form of Eq. (56) with G(¢ — 1) given in Eq. (31).

The initial value problem described in Egs. (49) and (53) can also be solved by the Laplace
transform method. The solution in the transform domain can be written as

() = P+ A/Cd) Y, (Ttpo/mto)(p + A/Cd)(l + )
DS(P) (p2 + (Tt/t())z) . D3(p)

Xin(1) = — (57)

, (58)

where
Ds(1) :p3 + Apz/cd + Bp/m + C/mcy. (59)

For specified parameters, the inverse Laplace transform, L~!{X(p)}, can be calculated by the
MATHEMATICA system.

6. Numerical results and conclusions

In this paper the response of the system with elastically supported viscoelastic damper for free
vibration and for forced vibration in the form of half sine impulse is derived analytically. An exact
solution to this problem has been obtained by employing the Laplace transform method and
Green'’s function method, respectively. The numerical calculations were carried out for structure
exposed to short duration impulse loading.

For numerical examples the following values of parameters have been specified: m =
10® kg, kp =2.0 x 10° N/m, ks = 3.0 x 10’ N/m, k; = 2.0 x 103 N/m. Condition (20) is
satisfied. Two positive critical damping coefficients bounding underdamped vibration and
overdamped vibration exist and are equal to c¢;; = 2.45305 x 10’ Ns/m and cg, = 2.46659x
107 Ns/m.

To clarify the vibration characteristics of the system with various damping coefficients, time
histories of free vibration and forced vibration, respectively, have been computed for three cases.

Fig. 2 shows the displacement x(¢) for ¢; = 10’ Ns/me (0, cq1), cq = 2.46 x 107 Ns/me(ca1, ca2)
and ¢; = 108 Ns/me(cg, 00), respectively.

Case 1 corresponds to underdamped vibration. The displacement in case 2 is overdamped and it
does not represent the vibrating motion. The range of overdamped vibration is finite, in contrast
to semi-infinite for second order differential equation. In case 3, a vibration component is
superposed on an overdamped case.

Figs. 3(a)—(c) show the effect of the standard deviation s; of the damping coefficient on the
Green’s function Gyp(f) for cases 1, 2 and 3, respectively. In the real systems, the stochastic
inhomogeneity is often present and is likely to increase the damping characteristics in a significant
way. For comparison, the results are presented for the exponential correlation function for
f = 1/sand s; = 0 (solid line, deterministic case), s; = 0.6 (dashed line) and s; = 0.9 (dotted line).
Increasing the variance of damping coefficient leads to decreasing the maximum displacement
amplitude, and in case 2 it can lead to vibrating motion (see Fig. 3(b)).
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Fig. 2. Free vibration for three cases: ¢; = 107 Ns/m (solid line), ¢; = 2.46 x 107 Ns/m (dashed line), c; = 103 Ns/m
(dotted line).
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Fig. 3. Green'’s function: (a) case 1, (b) case 2, (c) case 3, for standard deviation: s; = 0 (solid line), s; = 0.6 (dashed
line), s; = 0.9 (dotted line).

The forced displacement field, x(¢), due to half sine impulse loading of the amplitude py =
10° N, related to cases 1, 2 and 3, is shown in Figs. 4(a)—(c), respectively, for duration 7y = 0.1 s
(dotted line), #p = 0.5 s (dashed line) and 7y =1 s (solid line). Here, in case 3, the value of
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Fig. 4. Displacement due to impulse loading: (a) case 1, (b) case 2, (c) case 3, for duration: #y = 0.1 s (dotted line),
to = 0.5 s (dashed line), tp = 1 s (solid line).

cq = 5.0 x 107 Ns/m is taken. To analyse the displacement field, x(¢), the initial displacement has
been specified to zero and the initial velocity ¥ = —0.05 ms~'. It should be noted that the smaller
critical damping coefficient, c,;, is practically meaningful.

The proposed method is useful for dynamic analysis of structures and derived expressions can
serve as a benchmark solution. Various approximate numerical results, obtained on the basis of
finite element method, can be confronted with the derived analytical solution.
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